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ON THE DEPTH OF THE SYMMETRIC ALGEBRA
J. HERZOG,! M. E. ROSSI> AND G. VALLA?

ABSTRACT. Let (R, m) be a local ring. Assume that R = A /I, where (A,n) is a
regular local ring and 7 € n? is an ideal. The depth of the symmetric algebra S(m)
of m over R is computed in terms of the depth of the associated graded module
gr, (I) and the so-called “strong socle condition.” Explicit results are obtained, for
instance, if I is generated by a super-regular sequence, if I has a linear resolution or
if I has projective dimension one.

Introduction. In recent years the symmetric algebra S(I) of an ideal I and some
related algebras, such as the Rees algebra %2(I) of I, or the associated graded ring
gr,(R) of I, have been studied very extensively. One central problem always has
been to give reasonable conditions for one of these algebras to be Cohen-Macaulay.
As it turned out, the symmetric algebra has a strong tendency not to be Cohen-
Macaulay. For instance, if we consider the symmetric algebra S(m) of the maximal
ideal of a Cohen-Macaulay local ring (R, m) of positive dimension, Rossi [11] has
shown that S(m) is Cohen-Macaulay if and only if R is an abstract hypersurface
ring; in other words, S(m) is almost never Cohen-Macaulay. One reason for this
behavior of the symmetric algebra seems to be the fact that its dimension compared
with the one of R may be much higher. In their paper [7] Huneke and Rossi
succeeded in giving a very explicit formula for the dimension dim S(M) of the
symmetric algebra of a module M. Applied to the above situation one finds that
dim S(m) = embedding dimension of R, provided R is not regular. (If R is regular,
then dim S(m) = dim R + 1.) It follows from a result in the same paper [7] that
depth S(m) < dim R + 1. Here the gap between depth and dimension becomes
apparent. Unfortunately the bound depth S(m) < depth R + 1 is not true in
general if R is not Cohen-Macaulay, see the remark after (2.12).

The main theme of the paper actually will be to compute or to estimate the depth
of S(m) for a Noetherian local ring (R, m), in the range up to depth R + 1. We
shall see that depth S(m) is a much more sensitive invariant of S(m) than its
dimension.

Before going into a detailed description of our paper we just quote two of our
results to give an impression of how delicate depth S(m) behaves.
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In (3.7) we give an example of a two-dimensional complete intersection domain
(R, m) for which depth S(m) = 0. On the other hand, we show in (5.1) that if
(R, m) is a quotient of a regular local ring by a super-regular sequence, then

depth R < depth S(m) < depth R + 1.

Even though, in both cases, R is a complete intersection, depth S(m) behaves quite
differently. The reason for this feature is that depth S(m) reflects more the algebraic
nature of gr, (R) than the one of R itself.

Throughout the paper we deal with the following situation: (A4, n) is a regular
local ring with an infinite residue class field k, and R = 4 /I is the local ring with
maximal ideal m and depth d, where I C n? is an ideal in A. The crucial idea of the
paper is the observation that gr (/)= @p}oln”/ln P*1 sits inside S(m) as a
graded submodule. In fact, we notice in (2.2) that S(m) = @p)onl’/lnp’l, so
In?/In?*1 C n?*2/In?*! for all p > 0. Thus we get a canonical embedding
gr, (I)(-2) = S(n). This embedding relates the depth of S(m) with the depth of
gr,(I). The advantage of this comparison is that depth gr, (/) is much more
accessible than depth S(m).

In §1 we collect some generalities on filtrations, graded rings, and modules that
will be used in the paper.

The main theorem (2.13) in the paper—the comparison of depth gr, (/) and
depth S(m)—is proved in §2. The result is this: (a) If depth gr, (/) < d, then
depth S(m) = depth gr,(I). (b) If depth gr, (/) = d + 1, then depth S(m) > 4.

The third part of the theorem deals with the question, when is depth S(m) > d +
1? To decide this, depth gr,(I) is not the only measure. The other ingredient that
determines whether depth S(m) > d + 1 is given by the so-called “strong socle
condition.” The ring R = A /I is said to have a t-strong socle if In": n C I. R is said
to have strong socle if it has a 1-strong socle.

Suppose R has a strong socle, and let x € 4 be an element that corresponds to a
nonzero element of the socle of R. Then xn € I, but x & I. This explains the
terminology “strong socle.”

In the third part of our main theorem we roughly show this: (c) depth S(m) > d
+ 1 if and only if depth gr (/) > d + 1 and there exists a “nice” regular sequence
Xp,..., X, in R such that R/(x,,..., x,) has a d-strong socle. The attribute “nice”
has an explicit technical meaning which we do not want to explain now. The
definition is given in §2.

The use of the theorem obviously depends on the ability to compute depth gr, (1)
and to check the strong socle condition. The depth of gr, (1) is studied in §3. If M is
a finitely generated module over the regular local ring (4, n) with a stable n-filtra-
tion %, then gry(M) is a graded P-module, where P = gr (A4). For the Bett
numbers of M and gr4(M ) one easily proves B,(gry(M)) > B,(M) for every i > 0.
It follows that depth gru(M) < depth M. In particular, if I is an ideal, then

depthgr, (I) <d+ 1.
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We call M of homogeneous type if B,(M) = B;(gr,(M)) for every i > 0. In connec-
tion with our main theorem (2.3) it is interesting to know when I is of homogeneous
type, since then depth gr, (I) = d + 1, and depth S(m) > 4.

There are two interesting classes of ideals which are of homogeneous type: (1)
ideals which have a linear resolution; (2) ideals generated by super-regular se-
quences, see (3.6). To prove (2) we use a splitting theorem (3.5) for gr (I): If
I = J + K for some ideals J and K, and if ] N n’ = Ju‘~?®)+*1 for all ¢ > 0, then
gr,(I)=gr, (J)® gr,(I/J). This theorem provides in many cases an inductive
procedure for calculating gr, (/). We conclude §3 by explicitly discussing gr, (1)
when the homological dimension of I is 1.

§4 is devoted to studying the strong socle condition. Here we assume that (A, n) is
a regular local ring, and R = A /I is of depth 0, where I C n? It is clear from the
definition that R has a ¢-strong socle for ¢ > 0. A lower bound for such a ¢ can be
given quite generally in terms of invariants of R and I. A very precise statement can
be made for an ideal I generated by a super-regular sequence f,..., f,. Let v; be
the value of f; with respect to the n-adic filtration. We may assume that v, > v, >

- 2 v,. In (47) we show that R = A/I has a t-strong socle if and only if
t > X! ,v,— n+ 2. It follows from this estimate that such a ring can have a strong
socle only if I is principal. Surprisingly we even can show that a Gorenstein ring has
a strong socle if and only if it is a hypersurface ring; see (4.13). Quite to the contrary
R has always a strong socle if I has a linear resolution, as we show in (4.14). Again,
if the homological dimension of I is 1, the picture becomes clear. Here we can show
the following conditions to be equivalent (4.18): (1) R has a strong socle and is of
homogeneous type. (2) I has a linear resolution.

In the last section (§5) we apply the results proved before to compute depth S(m)
for some classes of local rings. As before we get a complete answer if I is generated
by a super-regular sequence or if I has a linear resolution. In the first case
d < depth S(m) < d + 1; in the second case depth S(m) > d + 1. Moreover, in the
first case depth S(m) =d + 1if and only if d > ¥/_,v, — n + 2, with the notations
as above. These results can be found in (5.1) and (5.2).

Among many other applications we finally point out the discussion of depth S(m)
for a monomial space curve R = k[|t4, t%, t°]] = k[| X, Y, Z|/1. Here the defining
ideal I is of homological dimension 1. We can show that 1 < depth S(m) < 2, and
we are able to give necessary and sufficient numerical conditions for the equality
depth S(m) = 2.

The authors want to thank A. Simis and W. V. Vasconcelos for many stimulating
discussions in connection with this paper.

1. Preliminaries on filtered modules.

(1.1) Let (A4, n) be a Noetherian local ring and M a finitely generated A-module.
We say, accordingly to [1], that a filtration = {# M}, ,on M is an n-filtration
if nFMC% M forall p>0,and a stable n-filtration if nF,M =%, M for
all sufficiently large p.
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In the following a filtered A-module will be always an A-module together with a
stable n-filtration %.

A typical example of a stable n-filtration is the n-adic filtration which is defined
as follows: Z,M =n’M, p > 0.

Given a filtered A-module M we may consider the module gro(M) =
@, A FHM/Z, M), which has a natural structure of a gr,(4)-module, where we
use the convention that, if % is the n-adic filtration, we simply write gr, (M)
instead of gry(M).

(1.2) If M is a filtered A-module and m € M, we denote by vs(m) the largest
integer p such that m € # M. We have vz(m) < co, and we denote by m* the
residue class of m in #,M/%,, M and call it the Finitial form of m. Further, if N
1s a submodule of a filtered A-module M, we get induced natural filtrations on N
and M/N which are again stable n-filtrations: #,N = N N M and Z#,(M/N) =
(#,M + N)/N.

The graded module of N with respect to the induced filtration will be denoted
simply by N*. In fact, it is clear that N* is the submodule of gr.( M) generated over
gr,(A) by x*, x running in N.

(1.3) If M and N are filtered A-modules and f: M — N an A-homomorphism, f
is said to be a morphism of filtered modules if f(#,M) C #,N.

The morphism of filtered modules f: M — N clearly induces a morphism of
graded gr (A)-modules gr(f): graz(M) — gru(N). It is clear that grz(-) is a
functor from the category of filtered A-modules into the category of graded
gr, (A)-modules.

Furthermore, we have a canonical embedding (Ker f)* — Ker gr( f).

(1.4) Let f: M — N be a morphism of filtered modules; f is said to be strict if
(F M) =f(M)NZFN.

The relevance of this notion is in the following result. Let F: M 5N —f> P be a
complex of filtered modules and

8r(g) gr(f)
gr(F): gre(M) — gre(N) = grs(P)

be the induced complex of graded gr,( A)-modules. Then gr(F) is exact if and only if
F is exact and f and g are strict morphisms.

Thus if N is a submodule of M, using the fact that the embedding i: N - M and
the projection p: M — M/N are strict morphisms with respect to the induced
filtrations, we get that gry(M/N) = gry(M)/N*.

As a further consequence of the above result, we get that a morphism f: M - N
of filtered modules is strict if and only if the canonical embedding (Kerf)* —
Ker gr( f) is an isomorphism.

(1.5) A system of elements x,,...,x, € M is called an %standard base of M if
gr( M) is generated over gr, (A4) by xf,..., x*. Itis easy to prove that any standard
base of M is a system of generators of M.

Let ¢: A* > M be a free presentation of the filtered 4-module M, and let
e, ....e, be the natural basis of 4°. If x, = @(e,), then x,,..., x, is a system of

s
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generators of M. Let v, = vg(x;) and F,A°= @®;_ nP e; then gry(4°) =
&;_ eru(A)-v) and since n?7" (%, M) C # M, ¢ is a morphism of filtered
modules such that gr(e)(e*) = x}. Also, ¢ is strict if and only if # M =

 n?7tx, for all p > 0. It follows that x,,..., x, is an Hstandard base of M if
and only if gr(g) is surjective, which is equivalent to saying that ¢ is a strict
morphism or that (Kerp)* = Ker(gr(¢)).
(1.6) If M is a filtered A-module, we denote by depth gr, (M) the number
grade(n*, gry(M)) (note that n* is the irrelevant ideal of gr, (A4)).
If the residue field A /1 is infinite and depth gry(M) > 0, then we can find an
element y € n, y & n?, such that y* is grf(M )-regular.

(1.7) Let y be an element in n, y & n?; if we consider the map M —f> M given by
f(m) = ym and define M =%,_ M for p > 0 (¥ ;M = M), then f is a mor-
phism of filtered modules from (M, %) to (M, %) such that gr(f): gry(M) —
grz(M) is the multiplication by y*. Hence y* is gru( M )-regular if and only if f is
strict and y is M-regular.

On the other hand, if we consider on yM the induced filtration, we get an exact

/
sequence of filtered modules (M,%9) » yM — 0. Thus f is strict if and only if
(YM)* = y*grg(M) = y*gre(M); since gra(M/yM) = gra(M)/(yM)*, we get
that f is strict if and only if gry(M/yM) = gra(M)/y*gro(M). In particular, the
last equality holds if y* is grs( M )-regular.
The proofs of all these facts are standard or can be found in [9, §1].

2. The main theorem. Let (A4, n) be a regular local ring with an infinite residue
field k = A/n.If I C n? is an ideal in A4 such that R = A4 /I is a local ring of depth
d and maximal ideal m, we let Sp(m), or simply S(m), be the symmetric algebra of
m over R, and A = (m, S(m),) is its irrelevant ideal.

Further, let #,(n) = ®,., n? = A[nT] be the Rees algebra of n over 4, and
N'=(n, A ,(n),) is its irrelevant ideal.

In the following, if M is a module over a commutative ring P and x € M, then X
denotes the corresponding 1-form of x in Sp(M). If N is a submodule of M, N
denotes the ideal of S,(M) generated by X, x € N.

LEMMA (2.1). Let I C J be ideals of a commutative ring P.
(a) Sp,;(J /1) is isomorphic to Sp(J)/(1, I).
(b) We have an exact sequence of Sp(J )-modules
0-1- SP(-I)/i_’ SP/I(‘]/I) -0,
where I is considered to be an Sp(J )-module concentrated in degree 0.
©[Sp,,(J/D)) = [SP(J)/i]+'

PROOF. The proof of (a) follows from the universal properties of the symmetric
algebra (see [11]), while (b) and (c) are trivial consequences of (a).

COROLLARY (2.2). With the above assumptions and notations we have
Se(m) = @ (n?/In?=1) (here n-' = n® = A4).
p>0
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PROOF. Since n is generated by a regular sequence, we have #,(n) = S,(n);
hence the conclusion follows by the above lemma.

REMARK. The above result shows that S(m) has a natural structure of a graded
module over #Z,(n): If a€n and a=5b€ n?/In?"!, then (aT)a =ab €
n?*!/In?. Of course, this means that if x = @ € R = A /I, then (aT)a = Xa.

Let us consider the associated graded module gr, (/); then gr, (/) has a natural
structure of a graded gr,(A)-module. Since gr,(4) = #,(n) ® ,(A/n), gr,(I) can
be considered also as a graded module over 2 ,(n). But I C n?, hence we have
inclusions In?/In?*! c n?*2/In?*!; thus we get a canonical embedding
gr, (I)(-2) € S(m).

In the following we shall consider the A“depth of these algebras and denote it
simply by depth. It is clear that grade (A", gr (I)) = grade (n*, gr, (1)).

PROPOSITION (2.3). (a) If k > O then depth S(m),, > 0 if and only if In":n =
In'~! for every t > k.

(b) depth gr, (I) > 0 ifand only if In' N (In'*2:n) = In'*! for everyt > 0.

(c) depth S(m) > 0 ifand only if In:n = I and depth gr, () > 0.

(d) depth S(m) > 0 if and only if depth R > 0 and depth gr,(I) > 0.

(e) If depth gr, (I) > 0 and for some k > 0 we have In*:n C I, then

depth S(m),, > 0.

PROOF. (a) If for some t > k there exists @ € In':n, a & In'"!, then an C In'
C n'*!; hence a € n’; thus @ € n’/In'"! is a nonzero element in S(m),,.
Now for all s > 1 we have an® C In‘**"!; hence #'=0:a, a contradiction to
depth S(m),, > 0.

Conversely, if depth S(m), , = 0, then for some ¢ > k and some a € n’, a &
In‘~!, we have A = 0:a. Therefore, if b € n, we get (bT)a = 0 € S(m),,,; hence
ba € In', a contradiction.

(b) Same argument as in (a).

(c) If depth S(m),> 0, then In:n = I, and for ¢ > 0 we have In’ N {In‘*2:n)
=In"NIn'"*!=[n'*,

Conversely, we have In:n =1, and if ¢ > 1, using induction on ¢, we get
In:ncInlin=1In"%hence In:n=In""2Nn(In":n)=In""! (t -2 > 0).

(d) If depth S(m) > 0, then I:n = I; hence depth R > 0, and, by (c), we also get
depth gr (1) > 0.

Conversely, if depth R > 0, then I:n = I; hence In:n = I; we apply (c) and get
the conclusion.

(e) If k = 0 or 1, the conclusion follows by (c) and (d). Let k > 2 and ¢ > k; then
In:ncIn*:nc . Nowif0<j<t—2and In:n C In/, then In":nC In/ N
(In/*2:n) = In'*! This proves In‘:n = In'", as required.

EXAMPLE. Let (A4, n) be a regular local ring of dimension n and n = (a,,...,a,).
Let X be an n X (n + 1)-matrix such that x; = a; and x;; € n? for all i and for
all j > 2. If I is the ideal generated by the maximal minors of X, which we call
fis--+s fr+1, and if we assume that f, is part of a minimal base of 7, then f, & In.
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But for all i =1,...,n we have £7X]x, f, = 0, which implies nf, C In? hence
fi € I N (In%:n). By the above proposition we get depth gr,(/) =0 and also
depth S(m) = 0. It is clear that we can choose 4 and X in such a way that
R = A /I is Cohen-Macaulay of arbitrary large dimension.

Now recall that we have a natural mapping A:S(m),— S(m) which is called the
“downgrading” homomorphism and is defined as follows: An element b, --- b,
in S(m),,, is mapped to the element b,(b, --- b,,;) in S(m),. It is clear that it
does not matter which element is pulled out of the pack; it follows that A is a
homomorphism of S(m)-modules. Further, it is easy to see that Ker A = gr, (I)(-2)
and A\(S(m),) = mS(m).

LEMMA (2.4). If k is a positive integer such that k < min(d,depthgr,(I)), then

there exist elements y,,. .., y, € n with the following properties:
(@) {y1,---, Y} is a part of a regular system of parameters in A.
() yi, ..., yi is a regular sequence on gr, (I).
(©) Y- Vi is a regular sequence modulo 1.

ProOOF. Since depth gr, (I) > 0, by (1.6), we can find an element a € n, a & n?,
such that a* is gr ([)-regular. Let {b,,...,b,} = MaxAss(4/I) and assume
aep, N---Np,a&p, ;Y- Up,. Using the fact that depth (4/I)=d > 0,
we get an element b€ n? Nyp,,,N---Np, b&p, U ---Up; if y=a+b,
then it is clear that y € n, y & n2, y* is gr,(I)-regular and y is regular modulo I.
Hence if k = 1, the proof is complete; if not, we can argue by induction on k. Let
k > 1 and let y; be the element chosen as before; then

gr,(I)/yter, (1) = grn/(yl)(l/yll) = grn/(y,)(l +()’1)/()’1))’

where the last equality is a consequence of the fact that y, is a regular element
modulo I, hence I + (y,)/(»,) = 1/1 0 (y,) = 1/y,1. We denote by ~ the reduc-
tion modulo (y,). Then A is a regular local ring, and I =1 + (»,)/(»,) an ideal
contained in 72 such that 4/] has depth d — 1 > k — 1; further, depth gr (]) =
depth gr,(I)—1 > k — 1. Hence, by the inductive hypothesis, we get elements

Yas---s ¥, €1 with all the required properties. It is clear that y,,...,y, are
precisely the elements we seek.
DEFINITION. Let y,,..., y, be elements in n with properties (a)—(c) of Lemma

(24). Fori=1,...,klet x,=y,+ I € R= A/I Then we say that x,,...,x, is a
nice regular sequence in R.

It is clear that if x,,..., x, is a nice regular sequence in R, then X,,...,X, is a
nice regular sequence in R/(x,;) = 4/(y,)/I + (»1)/()))-

In the following, if x is a nice regular sequence in R, say x = y + I, then we
denote by ~ the reduction modulo (y). Hence, 4 = A4/(y) is still a regular local
ring, I =1+ (y)/(y)C i, R/(x)=A/I and m/(x) = fi/I. Further, gr () =
gr,(I)/y*gr,(I); hence, depth gr (I)= depth gr,(I)—1, and depth R/(x)=
d-1.

PROPOSITION (2.5). If x,,...,x, is a nice regular sequence in R, then %,, %, —
Xyy..., Xp — X4, is a regular sequence in S(m).
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PROOF. If %, is not a regular element in S(m) and p is the smallest integer such
that there exists « € S(m),, a # 0, with %,a = 0, then 0 = A(%,a) = x,a, which
implies p > 1, since x, is a regular element in R. Then we get 0 = A(X,a) = X,A(a);
hence A(a) = 0 by the minimality of p. Thus, « € Ker A = gr, (/) and X,a = yfa
= 0, a contradiction.

If kK =1, the proof is complete; if not, we can argue by induction on k. Let
k > 1; since x, is a regular element in R, we have an exact sequence

0 - R - 8(m)/(%,) > S(m/(x,)) = 0.

Let i be any integer, 2 < i < k; we know that the images of x,,...,x, in R/(x;)
form a nice regular sequence in R/(x,); hence, by the inductive assumption, the
elements y,T, ;T — y,,..., ;T — y,_; form a regular sequence on S(m/(x,)).

If we consider the Koszul complex with respect to the elements y,T — y,,
T =y, ..., T — y,_,, from the above exact sequence we get an exact sequence

- = H(y; R) = Hy(y; S(m) /(%)) » H(y; S(m/(x,))) > -~

Since R is considered as a graded module concentrated in degree 0 and R/(x;) =
(A/(n)/(I + (31)/(). the action of y,T = y,.....»T =y, on R (respec-
tively on S(m/(x,))) is the same as the action of y,,..., y,_, (respectively y,T,
$3T = p5,-.., 3T — y,_;). This proves that H,(y; R)= Hy(y; S(m/(x,)) = 0;
hence H,(y; S(m)/(X,)) = 0. Since this is true for any i = 2,..., k, we conclude
that », T - y,,..., »T — y,_, is a regular sequence on S(m)/(X,); hence X,
X5 — Xy,..., %, — x,_, is a regular sequence in S(m).

REMARK. (1) We can show that the converse of (2.5) holds as well, but since we do
not use this fact here, we skip the proof.

(2) Even in the case d > 0 it can happen that y* is regular on gr, (/), but y is not
regular modulo I. Let A = k[x, y, z] and I = (yz — x°, x?z — y?); then it is clear
that gr, (1) = A%/(y?, yz)A; hence x is gr,(/)-regular, but x is a zero divisor
modulo /.

In the following, if x;,..., x, are elements in m, we set for every i = 1,...,k,
J = (%,%, — xy,...,% — x;_y)and J = J,. Further, welet a = (x,,..., x;); hence
8= (Xp.... %)

The next results show some other relevant properties of a nice regular sequence.

LEMMA (2.6). If x|, ..., x, are elements in m, then for every i = 1,..., k we have
(a) x,S(m),, C J.

(b) x;S(m),, , < J + xR

(©) X,S(m),,_, CJ.

(d) IfasJ, thena=c+ BwithceR, BEa.

) JNS(m),, =0y,

PROOF. (a) For every a € S(m), we have ax, = A(a)X; henceif i = 1, x;a € J;;
if i > 1, x,a = x,_;A(«) mod J;, and we can conclude by induction on i.

(b) If i = 1 and a € S(m) we have, by (a), x;a = x,ay mod J;, where «; is the
component of degree 0 in «; hence ay € R. If i>1 and a € S(m),,_;, then
x,a = %;M(a) = x,_,;A(«) mod J;, and we can conclude by induction on i.
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(c) We may assume i > 1 and « € S(m),;_;; then ¥,0 = x,_;a mod J;, and we
conclude by (a).
(d) If @ € J, the component of degree p > 1 in « can be written

k k—1
a, = Z Bx; + YiX;
i=1 i=1

with §; € S(m),_;, v; € S(m),. Since v;x; = £,A(y,) € &, the result is proved.
(e) Using (d) we get J N S(m), , C @, ,. On the other hand, if « € &, for some
t > k, then a = ©¥_, B,%, with B, € S(m), _;; hence a € J, by (c).

PROPOSITION (2.7). If x,...,X, is a nice regular sequence in R, then we have
Joixy = (xp, . , X2 0)

R

PROOF. We prove by induction on i that J; : x; = (x,,...,x;_;). If ex; € Jj,
then cx; = 0; hence ¢ = 0. Let i > 1 and cx, GRJ,.; then for some a € S(m) we
have a(X; — x;_,) € (x, %1, %5, %3 — X,,..., %;_1 — Xx;,_,). Since the images of
X,,..., X, in R/(x,) form a nice regular sequence, the elements %,, %; — x,,..., X
— x,_, form a regular sequence modulo (x,, %;), by Proposition (2.5). It follows
that « € (x, Xy, X5, X3 — X5,...,%;_; — X;_,) =J;_; + x;R; hence a =x,b+
with b € R, B € J,_,. Now we have cx; — (x;b + B) X, — x;_;) € J,_;; thus ¢x,
+ bx,x;_, € J;_,. By the inductive assumption we get ¢ + bx,_; € (xy,...,X;_,);

hence ¢ € (xy,...,Xx;_;).

PROPOSITION (2.8). Let d > 1 and depth gr, (I)=d + 1. If x,,...,x, is a nice

regular sequence in R, then J s(: )‘/ﬂ cJ+ S(m),
m

PROOF. Induction on d, the case d = 1 being a consequence of the fact that x, is
a regular element in R. Let d > 1 and a € S(m) such that a# C J. We have
J € (xy, %, %y, %3 — X3,..., %4 — x,4_1); on the other hand, the images of x,,..., x,
in R/(x,) form a nice regular sequence and depth gr (/) = d = depth(R/(x,)) + 1.
It follows, by the inductive assumption, that a € (x;, %;, X5, X3 — X5,..., %, —
Xy )+ S(m), , ;. Thus we may assume a =cx; + 8+ vy, where c€E R, B €
S(m),_,and y € §(m), ,. Now we have x,a € J; hence cx,x, + Bx, + yx, € J.
Since Bx, = x;A’"}(B) mod J and, by Lemma (2.6), yx, € J, we get

x,(ex, + MY(B)) e J;

hence, by Proposition (2.7), M"}(B) € (x,,..., x,).Now let L be the homogeneous
ideal in S(m) generated by x,,..., x,, %,...,%,;then L = a + d and M~ }(B8) € L.
For every x € m we have xa, Xa € J; hence xa, Xa € L. This implies xp,
xB € L; therefore B € L:.#. We claim that 8 € L. Let ~ denote reduction modulo
(Y15-+-» Yy)> we have Ker A = gro(I) € Sg ,(m/a) = Sg(m)/L. Therefore the as-
sumption depth gr (/) > 0 can be rewritten as (L:.#)NAY(L)C L. Now it is
clear that A(L,) C L; hence, since B € L:#, we get M(B) < L:# for every
Jj=1,...,d — 1. Thus we have A" 2(B) € (L:#)N X (L)C L; hence M~ 3(B) €
(L:#)NNYL)c L, and so on. Eventually we get B € (L:#)NXNY(L)C L,
and the claim is proved.
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By using Lemma (2.6)(b) and (c), we get B = x,b mod J, with b € R. Hence,
a =x,/+ymodJ,withl € R,y € S(m), ,. But x,a € J; hence x,x,/ + x,v € J,
which implies x,/ € J : x; = (xy,...,x,_;). Therefore / € (x,...,x,_,); hence

x,/ € J. Accordingly @ = y mod J, and the proposition is proved.
The next three propositions show the close connection between depth S(m) and
depth gr, (1). This is the raison d’étre of the entire paper.

PROPOSITION (2.9). If depth S(m) < d, then depth gr (1) = depth S(m).

PROOF. Let g = depth S(m), h = depth gr, (I); if g = 0, then, by Proposition
(2.3), we get h = 0. Induction on g; if g > 0, then & > 0; hence by Lemma (2.4),
there exists x € m which is a nice regular sequence in R. We have an exact sequence

0->R- S(m)/(i) - SR/(x)(m/(X)) - 0.
Hence, since depth R = d > depth S(m)/(x) = g — 1, we get
depth SR/(x)(m/(x)) =g-1,

while depth R/(x) = d — 1. Using the inductive hypothesis, we get depth gr.(I) =
g — 1; hence depth gr, (I) = g.

PROPOSITION (2.10). If depth gr, (1) < d, then depth S(m) = depth gr.(I).
PROOF. Let g = depth S(m), h = depth gr, (1); if A = 0, then g = 0. Induction
on h: if h > 0, then we can find a nice regular sequence x in R. Hence,

depthgr.(I)=h—1<d—1=depth(4/]);

by the inductive assumption this implies depth Sg ,,,(m/(x)) = h — 1. Using again
the exact sequence

0 R - 8(m)/(X) = Sgym(m/(x)) =0,
where
d = depth R > h = depth Sg ,(,,(m/(x)) + 1,
we get depth S(m)/(X) = h — 1; hence depth S(m) = h.
PROPOSITION (2.11). If depth gr, (1) = d, then depth S(m) = d.

PROOF. We have exact sequences

(+) 0 gr,(1) > S(m), > mS(m) -0,
(*x) 0- S(m),— S(m) >R -0,
(%xx) 0 - mS(m) - S(m) > S(m/m?) - 0.

If depth gr, (1) = d, then, by Proposition (2.9), depth S(m) > d. If depth S(m) > d,
since depth S(m/m?) > dim R > d, we get, using (***), depth mS(m) > d. Using
(*), this implies depth S(m),= d, and we get a contradiction using (**).

PROPOSITION (2.12). depth gr, (/) < d + 1.
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PrOOF. If d =0 and depth gr,(I)>0, let y €n, y & n? such that y* is
gr, (I)-regular; hence gr, (I)/y* gr,(I) = gr, ,,,(I/yI). Since depth(4/I) = 0, let
x & I such that n=1:x; then xy € I, xy & yI and xyn C yl. This proves that
depth(//yI) = 0; hence depth gr, ,,,(I/yI) = 0, which implies depth gr, (/) = 1.

If d > 0 and depth gr, (1) > 0, we can find a nice regular sequence x in R. Then
depth(R/(x)) = d — 1; hence we can apply the inductive hypothesis to get

depthgr,(I) =1+ depthgr () < d + 1.

REMARK. If R is Cohen-Macaulay, one can prove, using a result of Huneke and
Rossi (see [7]), that depth S(m) < d + 1.
Let
I=(x,y)N(z,w) CA4=k[lx,y.z,wl],

and let R = A /I, then depth R = 1, but depth S(m) = 3. This example shows that
the inequality depth S(m) < depth R + 1 is not true in general.

To give a complete description of the relationship between depth S(m) and
depth gr, (1), we need the following definition.

DEFINITION. Let ¢ be a positive integer. The ring R = A/I is said to have a
t-strong socle if In':n C I. R is said to have a strong socle if it has a 1-strong socle.

THEOREM (2.13). (a) If depth gr,(I) < d, then depth S(m) = depth gr, (7).

(b) If depth gr, (1) = d + 1, then depth S(m) > d.

(c) depth S(m) > d + 1 if and only if depth gr,(I)=d + 1 and for any (there
exists a) nice regular sequence x, . .., x, in R (such that) the ring R/(x,,...,x;) has
a d-strong socle.

PROOF. (a) and (b) follow from Propositions (2.9)—(2.11). Further, if
depth S(m) >d + 1,

then depth gr,(/) = d + 1. Hence, we have to prove that, if depth gr, (/) =d + 1
and x,,...,x, is a nice regular sequence in R, then depth S(m) > d + 1 if and
only if R/(x,,..., x,) has a d-strong socle.

If we denote by ~ the reduction modulo (yi,...,y,), we have A/I =
R/(x,,...,x,); hence R/(x,,...,x ) has a d-strong socle if and only if ITi“: 71 C I.
On the other hand, we know by Proposition (2.5) that %,, X, — x;,..., %, — x,_;
is a regular sequence in S(m); hence depth S(m)>d+ 1 if and only if
depth S(m)/J > 0. By Proposition (2.8), depth S(m)/J >0 if and only if
depth(S(m), ,/J N S(m), ,) > 0. But using Lemma (2.6)(¢) and Lemma (2.1)(c),
we get

S(m)5 /T 0 S(m)5y=S(n)5u/8, 4= (8(m)/8) ;4= [Sg,a(m/a)] -
Since depth gr (/) = 1 > 0, the conclusion follows by Proposition (2.3)(a) and (e).

3. How to compute gr, (/) and its depth. As before, (A4, n) is a regular local ring of
dimension n and I C n? an ideal in A4 such that R = A/I is a local ring of depth 4

and maximal ideal m. Further, let P be the polynomial ring gr, (4) = k[x,,..., x,,].
We have the exact sequence

0->I->A4-5A4/I-0
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from which we get depth 1 =d + 1 and h.d. ,(/) = n — d — 1. Since we want to
compute depth gr (), we need to compare minimal free resolutions of I and of
gr, (1), respectively.

The following result, due to L. Robbiano (see [8]), is the starting point of our
investigation. We insert here a proof for the sake of completeness.

In the following, if F is a finitely generated free A-module with basis e,..., e,
and a,,...,a, are nonnegative integers, we define # F = @ n’"“e, for every
p > 0 (as usual we let n* = A for ¢ < 0). It is clear that # is a stable n-filtration
and gry(F) = &, P(-a;). We call the above filtration a special filtration on F. If
(F.,9.) is a complex of finitely generated free A-modules, a special filtration on F. is
a special filtration on each F), that makes (F.,9.) a filtered complex. If % is a special
filtration on F., then gr.(F.) is a homogeneous complex of free P-modules.

THEOREM (3.1). Let M be a filtered A-module and (G.,d.) a free homogeneous
P-resolution of grgu(M). Then we can build up an A-free resolution (F.,d.) of M and a
special filtration F on it such that grz(F.) = G.

Proor. If the tail of G. is

t dO
- = @ P(-q,) - gre(M) -0
i=1

and we put a; = d,(e,), then a; = x} with x; € M and a, = vz(x,). Define

t

t
Fy= @ de;, 3(e)=x, FF = @D n’ e
i=1 i=1

3
then F, > M — 0 is a complex of filtered modules and gr(d,) = d,. Thus 9, is a

% . .
strict morphism, and F, - M — 0 is exact. Next, suppose we are given the exact
sequence

gr(g)

® Pd) > @ P(-c)™ ea P(-b,).

where g:F, > F,_, is a morphism of free A-modules of rank s and rank ¢,

respectively, which is strict with respect to the filtrations
s t
—_— _ P bl
F,F, = @1 nf-e, FF_,= @1 n?""e,.
i= i=

Since g is strict, we have by (1.4), (Kerg)* = Kergr(g). Hence, if F;,, = &]_, Ae,

with filtration FF,,, = ea’,’=1n”“"ei, we can define a morphism f:F,, = F

such that F A F, 5 F,_, is a complex of filtered modules and such that gr(f) =

. . S8 . .
@. Hence, f is a strict morphism, and F,,, - F, > F,_, is exact. The conclusion

follows.
In the following for an A-module M, B,( M) will denote the ith Betti number and
x (M) the Euler-Poincaré characteristic of M.




THE DEPTH OF THE SYMMETRIC ALGEBRA 589

COROLLARY (3.2). For every filtered A-module M we have

(a) x(gr&s(M)) = x(M).

(b) B(grs(M)) > B(M) for every i > 0.

(c) hd. p(grs(M)) > h.d. , M.

(d) depth gro-(M) < depth M.

In particular, if I is an ideal in A, then depth gr, (1) < d + 1. (This is a new proof
of (2.12).)

It is worthy to remark that if we start with a minimal homogeneous resolution of
gro( M), then the 4-free resolution of M given in the proof of Theorem (3.1) is not
necessarily minimal, and it is minimal if and only if B,(grz(M)) = B,(M) for every
i=0.

DEfFINITION. A filtered A-module M is said to be of homogeneous type with
respect to the given filtration % if B,(M) = B;(grz(M)) for every i > 0.

Thus if M is of homogeneous type with respect to %, then h.d.p.(grz(M)) =
h.d. ,(M), and also depth gru(M) = depth M.

When the A-module M is of homogeneous type with respect to the n-adic
filtration, then we simply say that M is of homogeneous type.

ExAMPLES. (1) Let k be a field, J a homogeneous ideal in P = k[x,,..., x,]. We
set A =k[x,,...,x,] or 4 =k[x,,...,x,],, where # = (x,,...,x,), and let
I = JA. Then it is clear that gr,(4) = P and I* = J; hence gr,(A/I)= P/J and
A /I is an A-module of homogeneous type.

(2) Let I be an ideal generated by a super-regular sequence in the regular local
ring A. This means that I = (f,,..., f,), where f,,..., f, is a regular sequence and
an n-standard base of I; equivalently, f¥,..., f* is a regular sequencein P = gr (A)
(see [14]). Then R = A /I is of homogeneous type.

More examples of modules of homogeneous type can be given by using the
following easy lemma.

LEMMA (3.3). Let (A, n) be any local ring and I an ideal such that I has an
n-standard base f, . . ., f, of equimultiple elements of degree g; then gr, (I1)(-g) = I*.

PROOF. We have
(1*)1 = (I N 1’1‘) + nl+l/nl+1 =IN 11’/1 N nl+1
=In'"8/In""8*1=gr (1), .= [gr.(I)(-g)],.

(3) With the notations as in Example (1), let J be generated by homogeneous
elements of the same degree g. Then we have B;(I) = B,(J) = B,(I*) = Bi(gr,(1));
it follows that I is an A-module of homogeneous type.

Consider the ring R = k[1'%, 1%, 134 t] = k[ X, Y, Z, T]/I. One can prove that
I is generated by five elements which form an equimultiple n-standard base for I,
but I/ is not of homogeneous type.

We want to mention the paper of M. Brundu [2], where some interesting results
are proven on ideals which have a standard base of equimultiple elements.
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(4) Let M be a finitely generated 4-module with minimal free resolution (F.,9.).
We define on F. the special filtration % F, = n?~'F, for all p and i. M is said to
have a linear resolution if gru(F.) is acyclic. In this case the module M is of
homogeneous type.

Modules with linear resolution have been extensively studied (see for example [6,
13, 3, and 5]). We give a few examples here.

(a) Let I be the ideal generated by the maximal minors of a generic r X s matrix
X = (x,;;)in thering 4 = k[x, ]. Then /* has a minimal resolution

0> @PP(-s)» -+ > @P(-r—1)> @P(-r)->I* -0,
whence gr, (/) has a minimal resolution

0> PP(-s+r)-> - > BP(-1)> @P—gr,(l)-0.
This proves that I has a linear resolution.
(b) Let I be an ideal in A such that R = A /I is Cohen-Macaulay of minimal
multiplicity, say e(R) = h(I/) + 1. Then J. Sally (see [12]) proved that I has a
standard base of equimultiple elements of degree 2, and /* has a resolution

0> PP(-h-1)-> --- > @PP(-3)> @P(-2)->I* -0,
whence gr, (1) has a minimal resolution

0- PP(-h+1)-> -+ > @P(-1)> P -gr,(l)—0.
This proves that I has a linear resolution.

Next we want to produce some more examples of ideals which are of homoge-
neous type. We start with the following easy result.

PROPOSITION (3.4). If the ideal I can be generated by two elements, then it is of
homogeneous type.

Proor. If I is principal, then I = A4; hence gr (I) = gr,(4) = P. If I is mini-
mally generated by x and y, we can write x = da, y = db with (a, b) = 1. Hence,
we have a minimal free resolution 0 — A > A2 EA I—-0. Let Z,Az = @ n’e,
a = (b,-a) and v = vg(a); if we let F,4 =n?""4, it is clear that f and g are
strict morphisms; hence the conclusion follows.

If we pass to consider ideals with more than two generators, then they are not
necessarily of homogeneous type. More, we have seen in the example following
Proposition (2.3) that it is possible that depth gr (1) = 0.

However, if we restrict ourselves to an ideal I generated by a super-regular
sequence, then we can prove that I is of homogeneous type; hence depth gr, (1) =
d+ 1.

We need the following splitting result for gr, (1), where, if K is an ideal of a local
ring (4, n), we put v(K) = min, . g {v.(f)}-

THEOREM (3.5). Let (A,n) be any local ring and I an ideal in A such that
I =J + K for some ideals J and K. If J N n' € Jn'""5*Y for all t > 0, then we
have

gr,(1)=gr,(J)®gr,(1/J).
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PROOF. We have
In?/In?*t = (JnP + InP*1/In?*1) +(Kn? + InP*l/In?*?),
and this is a direct sum if we prove that
(Ju?+ In?*Y)yN(Kn? + InP*)y = In?*' + Kn? N(JnP + InP*l) C InPHl,
or, which is the same,
Kn?N(Jn? + InP*Y) C InP*l,
We have
Kn?N(Jn? + InP*') = Kn?N(Jn? + Kn?*! + Jnrtl)
= Kn?*!' + Kn? N Jn?;
hence the claim follows if we prove Kn” N J C Jn?*!. But we have
Kn?nJcJnnrtetKy g gprtl

as wanted.

Now we have

(Jn? + InP*l/InP*) =JnP/InP N InP* = Jn?/JnP+l,
On the other hand,
(Kn” + InP*1/In?P*') = Kn?/Kn? N InP*!
= Kn?/Kn?*!' +(Kn? N Jn?*?)
= Kn?/Kn?*' +(Kn? 0 J) = [gr,(I/7)] ,.

REMARK. The condition J N n' € Jn'~¢®)*1 ig satisfied if, for example, J has

an n-standard base f,, ..., f, such that v(f;) < v(K) for all i. In fact we have

,
Jnn'= Y n'medof,
i=1
r
c Z nt—v(K)+lf c Jn'_"(K)+1_

i=1

THEOREM (3.6). If the ideal I is generated by a super-regular sequence, then I is of

homogeneous type.

PROOF. Let I = (f,...,f,) with f¥, ..., f* a regular sequence in P. If r = 1, we
can apply Proposition (3.4) to get the conclusion. Let r > 1 and assume that
Uy =0y= ++" =0, >0, 2 +++ 20, where v, =uv,(f;). Further, let J =
(fisro--n ) K=(f1,..., f); then, by [14], f,,,..., f, is an n-standard base of
J; hence we get, by Theorem (3.5), gr, (/) = gr,(J) ® gr,(I/J). We claim that
fir---+ fi is an n/J-standard base of 1/J. By [9, Theorem (2.2) and Corollary (2.3)),
it is enough to prove that v, = v,,/,(f,.) for i=1,..., k. But if we put v = v, and
assume f; € n"*! + J, then f, = g + ¢ with g € n**!, ¢ € J; this implies f, — c €
n“*''n(J, f;) € fin + J, which gives the contradiction f; € J.

Using the claim, we can apply Lemma (3.3) to infer that gr, (I/J) = (I/J)* =
I*/J*. Now we must compute the Betti numbers over P of I* /J*. We can consider
the Koszul resolution of P/J* and P/I*, respectively; it is clear that we have a
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canonical embedding which is a morphism of complexes. The associated Coker
complex is a complex of free P-modules which gives us a resolution of I* /J* over P.
Further, by the inductive assumption, we have B,(gr,(J)) = B,(J); hence

Bi(grn(l)) = Bi(grn(‘])) + :81(1*/‘]*)
< Bi(‘]) + Bi(l*) - :Bi(‘]*) = :Bi(l)'
The conclusion follows by using Corollary (3.2).

COROLLARY (3.7). If the ideal I is generated by a regular sequence f,, ..., f, such
that f,,...,f,_, is an n-standard base of J = (f,,...,f,_,) and v(f)) <v(f,) for
i=1,....r — 1, then I is of homogeneous type.

PROOF. We have
gr.(I)=gr,(J) ®gr,(1/]) = gr,(J) ®gr,(4/7);
but B,(gr,(J)) = B;(J); hence
B,(er. (1)) = B.(J) + B(P/J*)

(7Y = () = s,

The following example shows that, if in the above theorem we delete the “super”
condition on the regular sequence fi, ..., f,, not only is I not of homogeneous type,
but depth gr, (7) can be zero.

EXAMPLE. Let A = k[ X,Y,Z,T] and J = (X3 — Y7, X?Y — XT3 — Z°®); then
it is easy to check that depth gr (4/J) = 0, and one can find an n-standard base
(fys---, fg) of J such that v(f;) <16 for i =1,...,8. Hence, if we consider the
ideal 1 = (X?— Y7, X?Y — XT3 — Z% Z' — T%), then I is a complete intersec-
tion ideal such that

gr,(I)=gr,(J)®gr,(1/J)=gr(J)@®gr,(A/));

it follows that depth gr, (/) = 0. The ideal I is a prime ideal; this has been verified
using algorithms by Buchberger, Grobner and T. Mora, with the aid of the “SAC-2,”
Grobner basis package; see [4].

We conclude this section by considering the special case of an ideal / such that
hd. I =

Let us fix a minimal free resolution of 1,

0 a4 oo,

and let M be the (r + 1) X r matrix associated to the map g with respect to the
canonical bases of A”and A"*', respectively. We put M = (a,;)and, for j = 1,...,r,

= (a,,. ay,,...,4a,,,;); further, let v, =min;v,(a,) 0"'A’+1 @, n’e, and
F" A" = S, n’- ‘/e Then it is clear that f and g are morphlsms of filtered modules,
and fis strict. Further the matrix associated to the map gr(g) is the (» + 1) X r
matrix M = (a,;),wherea, € n “i/n"*1; hence a,=ayifv(a;)=v,and a;; =0

otherwise.
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PROPOSITION (3.8). With the above assumptions and notations, let us consider the
following conditions:

(a) I is of homogeneous type.

(b) depthgr (I)=d + 1.

(c)hd. gr,(I)=1.

(d) g is a strict morphism.

(e) gr(g) is injective.

(f) rank M = r.
Then (a), (b), and (c) are equivalent, (d), (e), and (f) are equivalent, and (d) implies
(a).

PROOF. It is clear by definition that (d) implies (a) and (a) implies (b), while, since
dim A = depth I + h.d. ,/ = d + 2, (b) is equivalent to (c). Further, we know that
x(gr, (1)) = x(1) =1, and By(er,(I)) = Bo(I) = r + 1; hence, if h.d. gr,(J) =1,
we get B,(gr,(I)) = r and I is of homogeneous type. Finally, since 0 - 4" > A"*!
is exact, we have that g is strict if and only if gr(g) is injective, and this, by the
McCoy theorem, is equivalent to saying rank M = r.

The following example shows that, in Proposition (3.8), (a) is not equivalent to (d).

EXAMPLE. Let

X X
M=1Y* 0
0 Zz?

and I be the ideal generated in 4 = k[ X,Y, Z] by the 2 X 2 minors of M,
1 =(Y?*Z? XZ2, XYZ). Thehd. I =1,

_[x X
M=o of;
0 0

hence g is not strict; but if J = (XZ?2, XY?), then
gr,(I) =gr,(J) ®gr,(1/7) = gr,(J) ®(P/(X)),

and from this we easily get depth gr (/) =2=d + 1.

Further, if h.d. I > 1, also the equivalence between (a) and (b) in the above
proposition does not hold.

ExampLE. Let 4 = k[X,Y,Z,T,,...,T,2J and I = (X?® - YZ, XZ - Y%, Z%. It
is clear that I is a complete intersection ideal; hence B,(I) = 3, B,(/) = 3 and
B,(I)=1.1f J = (X3 — YZ, XZ — Y?), it is easy to check that { X* — YZ, XZ —
Y2 X2Y — Z?} is an n-standard base of J; hence gr,(I) = gr,(J) @& gr,(A4/J).
But gr,(4/J)=P/(YZ,XZ — Y2, Z?), and we have B,(gr,(I))=2+1=3,
Bi(gr,(I))=1+ 3 =4 and B,(gr,(I)) =0 + 2 = 2. This proves that I is not of
homogeneous type, but

depthgr,(I)=d+3—hd.gr,(I)=d+ 1.
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Now we recall that for the ideal I generated in 4 = k[ X,Y,Z,T\,...,T,_,] by
the 3 X 3 minors of the matrix

X Y z
2

Mo|¥Y 0 0
0 z* 0
0o 0 x?

we have h.d. 7 = 1 and depth gr, (/) = 0. (See example after Proposition (2.3).)
If we consider ideals / with h.d. 7 = 1 and number of generators less or equal to
3, then something more can be said. Thus let / be an ideal with a minimal free

resolution 0 — A2 5 43 A I = 0 and, as before, let M be the matrix associated to
the map g. If M has rank 2, then we have seen that I is of homogeneous type. If
rank M = 1, then we can find a row, say the first, with @,, # 0 and a,, # 0. We can
write a,, = dx, a,, = dy with x and y relatively prime in 4.

PROPOSITION (3.9). If x* and y* are relatively prime in P, then h.d.p gr,(I) = 2;
hence depth gr (1) = d.

PROOF. We have v, = v(d) + v(x), v, =v(d) + v(y); hence v, + v(y)=1v, +
v(x)and a,, = d*x*, a,, = d*y*. Further, since rank M = 1 and d* # 0, we have

* = = v¥*7g * = = v*7g
(%) x*ay =y*a, and x*a; = y*a,.

This implies h, = ya, — xa,, € n“*! and h, = ya, — xa;, € n"*!, where v = v,

+ v(y) =0, + v(x). Let a3 = ya; — xa, and v; = vz(as); then a; = (0, hy, h,y),
v; > v+ 1 and a* = (0, h,, hy) with h, € n"/n**1. Now if for some F, € P we
have L}_, Fa* = 0, then F,d*x* + F,d*y* = 0; hence F, = Hy*, F, = —Hx* for
some H € P. Thus

Hy*a, — Hx*ay, + Fyh, = Hy*a; — Hx*as, + Fyhy = 0;
according to (*), this implies F; = 0.

Thus we have proved that if ¢:4% - K = Ker f is the free presentation of K
given by ¢(e;) = «;, then Ker gr(¢) = (y*,-x* 0)P, where we define Z,A3 =
@&n’ “e,and FK =K N n’A’.

Now (y, -x,-1) € Ker ¢, and v(y) + v, = v(x) + v, < 0 + v;; this implies that
(y, —x,=1)* = (p*, -x*,0). According to (1.5) we get gr, (1) = P?/L}_, a*P; hence
we can easily get a free P-resolution of gr, (/):

(@)
0> P> PSPy g (1) 0.

The conclusion follows.
We remark that one may apply Proposition (3.9) in each of the following
situations:

(1) a, = ay,.

(2) a,, and a,, form a super-regular sequence in 4.

(3) a,; and a,, are homogeneous elements in k[X;,...,X,] and 4 =
k[X,.....X,Jord =k[X,,..., X,] ,with £ =(X],..., X,).
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On the other hand, the following example shows that the result is not true in
general.

ExampLE. Let 4 = k[ X,Y,Z,T,,...,T,_,] and I be the ideal generated by the
2 X 2 minors of the matrix

XY -2z Xx?
M= Y3 0
0 A

Then I = (f, = X?Y%, f, = XYZ® — Z°, f, = Y°Z®); we can apply the splitting
theorem, and we get

gr, (1) =gr,(f) @er, (. /i) =P@gr(f.fi)
Now it is easy to check that if gf, + hf, € n’, then g € (n'"19, f,); hence,
gr. (o f3) = gra(2) @ gr, (1/(f1. 1)
=gr,(4/(f) @ gr,(4/(f1, 2):13)
=P/(X’Y3)® P/( X% XY — Z3)*
= P/(XZYS) ®P/(X? XY, XZ3, Z%).

But hd., P/(X? XY, XZ3 Z®) = 3; hence, h.d., gr, (/) = 3, and depth gr, (1) =
d-1.

4. The strong socle condition. In this section we want to investigate the ¢-strong
socle condition defined in §1. As usual, (A4, n) is a regular local ring of dimension n,
and I C n? an ideal such that depth 4/I = 0. If ¢ is a positive integer, we say that
the ring R = A /I has a t-strong socle if In:n C I. R is said to have a strong socle
if it has a 1-strong socle.

It is clear that if R has a r-strong socle then it has a p-strong socle for any p > ¢.
Also, R has a t-strong socle for ¢ > 0. An upper bound for the least integer ¢ such
that R has a r-strong socle is given by the following proposition.

Let y(R) denote the socle of the local ring (R, m). Then y(R) is a k-vector space
and, by the Artin-Rees lemma, we have y(R) " m* = (0) for s > 0. We set, by
definition, a(R) = sup{s|y(R) N m*® # 0}, and, as before, v(I) = min, . ,{v,(x)}.

PROPOSITION (4.1). R has a t-strong socle for t > a(R) — v(I) + 1.

PROOF. Let ¢t > a(R)—v(I)+ 1 and x € In":n. Then v(x)+ 1>t +v(l)>
a(R) + 1; hence v(x) > a(R). It follows that x € (I:n) N n“R®*1 c I where the
last inclusion follows since

(I:n) N ne®+*1 4 [/ = y(R) N m«R+1 =,

In general, it is not easy to determine the least integer ¢ for which R has a t-strong
socle. But if the ideal I is generated by a super-regular sequence, we can give a
complete answer to this question.

Let I =(f,,....f,), where f,,..., f, is a regular sequence with v, = v,(f;). Of
course, we may assume that v, > v, > --- > v, > 2. Further, let x,...,x, be a
regular system of parameters in 4, and let f,=X%_,a,,x,, i =1,...,n. Then we

iy
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denote by M the square matrix (a,;) and by d its determinant. It is clear that M can
be chosen such that v(a,;) > v, — 1; hence v(d) > L/_,v, — n. Further, for every
J=1....n we have dx, = L}_| M, f, where M, is the cofactor of a;, in M. The
following result is due to K. I. Watanabe.

PROPOSITION (4.2). We haved & I and I:n = (1,d).

PRrROOF. Consider the Koszul resolutions of 4/ and A4 /n, respectively.

0—)/\"/4”—’/\"_1/1"—) —>/\A""‘>A—>A/I—’O
Ld l Lap I
0—’/\"14"—’/\"_114"—) _)/\A"_)A_)A/n_,o

The morphism Ext"(A/n, A) = A/n = Ext"(A/I, A) = A/I is just the multiplica-
tion by d. From the exact sequence 0 — n/I - A/l - A/n — 0, we have that this
morphism is injective; hence d & I. Since 4 /I is Gorenstein, its socle is one-dimen-
sional; hence I:n = (1, d).

As a trivial consequence, we get a lower bound for the least integer ¢ such that R
has a z-strong socle.

In the following welet v = ¥/_ v, —nand m = L/_,0,— n + 1.

PROPOSITION (4.3). If the ideal I is generated by a regular sequence and R has a
t-strong socle, thent > m.

PROOF. It is enough to show that dn C In™; but dx; = L7_; M, f,, and from this
the conclusion follows.
The converse of this result can be proved under special assumptions.

PROPOSITION (4.4). Let I be generated by a regular sequence; if n = 2 or v,(d) = v,
then R has an (m + 1)-strong socle.

PROOF. Let x € In™*':n. Then we can write x = X7_, b,f, + cd for suitable b,
and ¢ in A. The conclusion follows if we prove ¢ € n. For every j = 1,...,n we
have

n

xx; = Y (b,.xj)f,. + ¢

i=1

n

;1 Mi./'fi) =2 (bixj + CM,-_,)f,- € Inm*1;

i=1

hence

n

n
Y (b,.xj + cM,.,)f, =Y rf, withr, € nmtl
i=1

i=1

In particular, for j = 1,..., n we have byx;+ cM,,=r;+s, with s, € (frro s fo)-
Now we can write d = ¥_; M, ;a, ;; hence we get

n

n n
cd= Y alj(rl_, +s, = bx;) = Y ayr, = bifi + Y ay;s;.
j=1 j=1 J=1
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Now
v( Y all-rlj) > min(v(all.) +v(r1/-)) >0, -1+m+1=v+1.
j=1 J ’

Accordingly, if ¢ & n, we get d € n“*! + I, a contradiction to v,(d) = v. If n = 2,
we have m = v, — 1 and M,, = -a,;, M;; = a,,. Thus we get

fy = C(‘121x1 + azzxz) = —x;cMy, + xcMy,y
= —x,(r;y + 55, = byxy) + x,(ryy + 5, = byxy).

Since s5,, s, € (f,), we have cf, € n>*! if ¢ & n. This is a contradiction to
v( f5) = v,. .

Next we consider the matrix M = (a;;) where a;; € n%!'/n%, and we put
D = det M. Then D is a homogeneous element in P = gr, (A4) of degree v. As in
[10] we can prove the following result.

LEMMA (4.5). The following conditions are equivalent:
(a) D = d*.

(b) D # 0.

(c) v(d) =v.

Proor. We have D =Y (-1)ay,a,,, -** a,,, Where o runs in the set of
permutations of {1,...,n}. Hence, D is the residue class of d in n’/n"*!. Thus,
D # 0if and only if d & n**! or, which is equivalent, v(d) = v.

PROPOSITION (4.6). If the ideal I is generated by a super-regular sequence, then
v(d) = v(d) = .

PrOOF. We have f* = ¥7_, a,;x}; hence using Proposition (4.2) we get D & I* =
(f¥,.... f*). This proves D # 0; hence, D = d* and v(d) = v. Further, if d € n**!
+ I, then d € (I N n’) + n'*!; hence D = d* € I*. The conclusion follows.

COROLLARY (4.7). Let I be generated by a regular sequence, I = (f,,...,f,). If
n=2orf,,...,f, isasuper-regular sequence, then R has a t-strong socle if and only if
t=2m+ 1

In the case n =2 we can even delete the condition that f,, f, is a regular
sequence.

COROLLARY (4.8). Let I = (af,ag), where f and g are relatively prime and
v(f) = v(g)= v > 1. Then R has a t-strong socle if and only if t > v.

PROOF. Let d be chosen as in Proposition (4.2), with respect to the regular
sequence (f, g). Then dn C (f, g)n""!; hence adn C (af,ag)n’"!, and of course
ad & (af, ag). This proves that a t-strong socle implies 7 > v.

Conversely, let x € In”:n and y € n be a regular element mod(a) ( y does exist
since depth 4 = 2). Then xy € (a); hence x = ab for some b € A4; for every s € n
we have xs = abs € In”; hence abs = laf + pag, | and p in n". It follows that
bs =1If + pgand b € (f,g)n":n C (f, g); this implies x € I as required.
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EXaMPLE. Let 4 = k[X,Y,Z] and f, = Y3, f,=XY - 23, f,=X*-Y?Z 1t
is clear that f,, f,, f; is a regular sequence with v, = 3, v, = 2 and v; = 2; hence
m =2 and v = 4. We have d = XY2Z? and dn C In?; hence R does not have an
(m + 1)-strong socle.

One can prove that R has a 4-strong socle as a consequence of the following easy
remark.

COROLLARY (4.9). Let I be generated by a regular sequence; then R has a t-strong

socle fort > L' lv, —n + 1.

PROOF. Since v(d) > v, we have y(R) N m" # (0); hence a(R) > v. Thus, by
Proposition (4.1), we get that R has a t-strong socle for
n—1
t>a(R)—v(I)+12v-v,+1= Y v,—n+1.
i=1

Now we want to relate the r-strong socle condition for the ring R to some
property of its A-free minimal resolution.

If n = 1, then it is clear that R has always a strong socle. So let us assume n > 1.
We have dim 4 = n and depth A/I = 0; hence h.d. 4/I = n. Let (F.,d.) be a
minimal free resolution of R. If x,,..., x, is a regular system of parameters in A
and I = (fy,..., f,), one has isomorphisms

Y(R) = H"(E; R) = Torn(k’ R) = }?n ® k’
where H,(x; R) is the nth homology group of the Koszul complex generated by the
elements x,,..., x, with respect to the A-module R. To describe this isomorphism
explicitly, we consider the Koszul resolution (K., d.) of k and the canonical isomor-
phisms

H,(x: R) < H,(L) > Tor,(k,R) = F, ® k,
where L is the total complex {L, = &/_(K; ® F,_))} with differential

@1 +(-1)/(1@d, ):K,®F,_;— (K, _®F_)&(K,®F, ).

) l
9,01 3l
- K,+l ® an - Kj®F;l J - K[*laf;y -J -
l1ed, ; l1ed,_;
d,,,081
- K. @ Foojio - Ki®F,_,, =

Now let e,,...,e, be a free base of 4", and ¢,...,¢, a free base of F;. Then
6 € y(R) and 7 € F, ® k correspond if for i = 0,...,n there exist g, € K, ® F, _;
such that

(1)g,=a(e; A --- Ne,)withe=ae€ R(K,® F, = K,),

(2) 7= g, € F,/nF,=F,® k (K, ® F, = F,),

(3) (-1’0 ® d,_)(g;) = (8, ® 1)(g,,1) for j=0,...,n— 1.
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LEMMA (4.10). With the above notation we have a € In':n if and only if g,_, €
n(K,_, ® F) + Im(1 ® d,).

PROOF. We have

n

r
8i1= L (eg A ANEA - Aen)®( )y bijsi)'

j=1 i=1

Hence

(1 ® dl)(gn-l) = i (i bijf;')(el AR Aéj/\ e Aen) = j:(an® 1)(gn)

j=1\i=1

n
+ Y ax(e, A - AG; A Ae,).

Jj=1

i=1
for every j, £/_, b, ,f; = Zi_,c;;f; with ¢;; € n’, or, which is the same,
r
Y (b, — c;;)e; € Kerd, = Imd,.

i=1

It follows that ¥}_, b;;f, = tax; for j=1,...,n. Hence a € In":n if and only if,

This proves the lemma.

LEMMA (4.11). For a given element g€ K, ® F,_;, (1 <i < n), the following
conditions are equivalent:

(a) gen'(K;® F,_;)+ Ker(3, ® 1).

(b) (3, ® 1X(g) € n'*Y(K,_, ® F,_,).

PROOF. It is clear that (a) implies (b); as for the converse it is enough to prove that
9,(h) € n'*'K,_, implies h € n’K; + Ker 9, for every h € K,. Now K gives a linear
resolution of the A-module k. Hence if we let # K, = n?~/K;, then 9, is a strict
morphism for every i. This is precisely what we need to get the conclusion.

In the following, given a positive integer ¢ and a map f: M — N of A-modules, we
say that f is t-good if f }(n'*!N)c nM.

Thus if M is a free module with base ¢,,..., ¢ and we put «; = f(¢;), then f is
t-good if and only if forevery i = 1,...,k, a; € L, Aa; + n'*'N.

THEOREM (4.12). (a) If d; is 1-good for i > 3 and d, is t-good, then R has a t-strong

socle.
(b) If R has a t-strong socle, then d,, is t-good.

PROOF. (a) Let c€ In“:n; if c& I, let 0= ¢ € y(R) and 7 € F, ® k be the
corresponding element. By a suitable modification of ¥ ,g; with a boundary
element, we may assume that g, = c(e; A --- Ae,). By Lemma (4.10) we have
8,-1 € n'(K,_,; ® F}) + Im(1 ® d,). Hence, we get

(an—l ® 1)(gn—l) =a +(l ® d2)(B)

witha € n'*(K,_, ® F,)and B € n(K,_, ® F,). This implies

(1ed,)(g,.,—-B)en*K,.,®F).
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Hence, if we prove that g,_, & n(K,_, ® F,), we get a contradiction to the fact
that d, is t-good.

But, since 7 # 0, we have g, &€ n(K, ® F,), and we prove by induction on  that
if j<n-2and g;&n(K,® F,_)then g .., € n(K,,; ® F,_,_;). Nowd,_, is
1-good. Hence

(aj+l ® 1)(8/+1) = i(1 ® dn—,)(g,') & nZ(K,' ® Fn—_,')’
which implies g, ; & n(K,,, ® F,_,_) as required.

(b) If g, & nF, and d,(g,) € n'*'F,_,,let r=g, € F,/nF, and ¢ € y(R) be
the corresponding element. We have (9, ® 1)(g,) € n'*'F,_,. Hence, by Lemma
(4.11), g, € n'(K, ® F,_,) + Im(3, ® 1). By a suitable modification of L7_, g, with
a boundary element which can have nonzero components only in degrees one and
two, we may assume that g, € n’(K, ® F,_,). Hence,

(3, ® 1)(g,) e n*Y(K, ® F,_,),
and we can apply the same argument to g,. Eventuallyweget g, _, € n'(K,_, ® F));
by Lemma (4.10), this implies that R does not have a z-strong socle.

REMARK. It follows from the above theorem that, if h.d. /7 =1, then R has a
t-strong socle if and only if d, is t-good. On the other hand, if » = 3 and [ is the
ideal generated by a regular sequence f,, f,, f3 witho(f)) = v, = v(fy) = v3 = v(f3),
we have seen that, if R has a r-strong socle, then ¢ > v, + v; — 1. But in the Koszul
resolution of R, the map d;:A4 — A° is given by ds(1) = (f3, f», f1); hence d; is
v5-good. Nevertheless, R does not have a v;-strong socle.

COROLLARY (4.13). If R = A /I is Gorenstein, then R has a strong socle if and only
if 1 is a principal ideal.

ProoF. If I is a principal ideal, it is clear that R has a strong socle. If I is not
principal, then n» = dim 4 > 1. Let (F., d.) be a minimal free resolution of R; taking
Hom, we get a resolution of Ext"(R, A) = R. Hence, d*(F* ;) C I C n?, which

implies d,(F,) € n*F,_,. This proves that d, is not 1-good; hence the conclusion
follows.

COROLLARY (4.14). If I has a linear resolution, then R has a strong socle.

ProOF. Let (F.,d.) be a minimal free resolution of I; if we put % F, = n?"'F,
then all the d; are strict morphisms. Hence, if d,(a) € n%F,_,, then d,(a) = d,(B)
with B € %, | F, = nF, It follows that « — 8 € Kerd, C nF}; hence a € nF,.

The converse of the above corollary does not hold. However, if h.d. 7 = 1 or I has
an n-standard base of equimultiple elements, then we have the following complete

results.

LEMMA (4.15). If R is an A-module of homogeneous type, then Y(R)* = y(gr, (R)).

PROOE. It is clear that y(R)* C y(gr,(R)); further, if y(R) = (a,,...,a,), then
Y(R)* = (a},...,a*). Thus, we get

dim,y(R)* = dim,y(R) = B,(R) = B,(gr,(R)) = dim,y(gr,(R)).
The assertion follows.
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ReMARk. If y(R) = (ay,...,a,), it is clear that we have a(R) = max,(v,(q;)) =
max ;(dega?). Now if R is an A-module of homogeneous type and (F.,d.) is a
minimal homogeneous P-free resolution of gr,(R), we can use Lemma (4.15) and
the canonical isomorphism y(gr,(R))=F, ® k to get a(R)=max,{d,,} —n,
where d, ; are the shiftsin F.

It follows from Proposition (4.1) that if R is an 4-module of homogeneous type,
then R has a t-strong socle for 1 > max,{d,;} —n — min{d,;} + 1.

PROPOSITION (4.16). If the ideal I is generated by an n-standard base of equimultiple
elements of degree g, then the following conditions are equivalent:

(1) R has a strong socle and I is an A-module of homogeneous type.

(2) I has a linear resolution.

PROOF. We need only prove that (1) implies (2). We know that I* = gr, (I)(-g);
let (F.,d.) be a minimal free resolution of I with a given special filtration &% F; =
&, n P~die such that grs(F.) is a homogeneous P-resolution of gr, (). Then we get
a P-free homogeneous resolution of gr, (R):

0_) @P(_du—l‘i—g)—) e @P(_dOI_g)_)P—)grn(R)_)O'

It is clear that, for every i, we have d,; + g = g and also by the minimality of the
resolution, d;; + g > d,_, ;, + g for all i, j and suitable i". Thus, if we prove that
d, ,;+g=g+n—1 for every i, then we get d, =; for every i and j as
required.

Now, as in the above remark, we have 4, _,, + g = v,(a;) + n for some a, €
Y(R); hence we need only prove that for an element a € y(R), a # 0, we have
v,(a)=g—1.Butif a=X€ R, then x &€ I and xn C I C n hence x € n8"!
and a € m#%~ L. On the other hand, if a € m& then x En8+ I =nssoxncInN
n¢*! = In, which contradicts the assumption that R has a strong socle.

Finally, let / be an ideal with h.d. 7 = 1. As in §3 we fix a minimal free resolution
of 1,

0oabalis,

and we define Z,A’“ = @ n’e,. This is the only special filtration on A" such
that f is a morphism of filtered modules; moreover, f is a strict morphism.

PROPOSITION (4.17). If h.d. I = 1, the following conditions are equivalent:

(1) R has a t-strong socle, and I is of homogeneous type.

(2) g is strict with respect to a special filtration #,A" = @ n” " “e; where a; <t
for every i.

Proor. If I is of homogeneous type, then, by Theorem (3.1), there exist positive
integers a,,...,a, such that g is a strict morphism with respect to the filtration
given by #, 4" = @ n”~“e,. Let us suppose by contradiction that a, > ¢ for some i;
since e; € #, A’, we have g(e,) € Z, A" = n“4"*! € n'*'4"*. This means that
g 1s not 7-good, a contradiction to the fact that R has a t-strong socle.




602 J. HERZOG. M. ROSSI AND G. VALLA

Conversely, if g(a) € n'*'4" = %,, , A"}, then
a€F A = Pn'tlT4e, Ccnd’
this proves that g is z-good; hence R has a t-strong socle. The conclusion follows
since, if (2) holds, then I is of homogeneous type.
Let M be the matrix associated to the map g with respect to the canonical bases;
if M = (a,;), welet M, = (a,;), where a,; € n/n’.

COROLLARY (4.18). If h.d. I = 1, then the following conditions are equivalent:
(1) R has a strong socle and I is of homogeneous type.

(2) I has a linear resolution.

(3)rank M, =r.

PROOF. If we let # 4" = n?~14’ then it is clear that g is a morphism of filtered
modules and M, is the matrix associated to gr(g). Also I has a linear resolution if
and only if gr(g) is injective or, which is the same, rank M, = r. This proves that (2)
and (3) are equivalent, while (1) and (2) are equivalent by Proposition (4.17).

ExampLEs. 1. Let I = (X3, X?Y2 Y3 c A=k[X,Y]. I is generated by the
2 X 2 minors of the matrix

Y? 0
M=|-X Y |,
0 -Xx?

we have rank M, = 1, and, by Proposition (3.8), I is not of homogeneous type (in
this example M, = M). However, it is clear that R has a strong socle.

2. Let I = (X% XY%LY*C A=k[X,Y]. I is generated by the 2 X 2 minors of
the matrix

0 Y?
M=|X 0]
Y x°

we have rank M, =1 and rank M = 2 (see Proposition (3.8)). Hence I is of
homogeneous type, but R has not a strong socle.

S. Applications. In this section we apply the results proved before to compute
depth S(m) for some classes of local rings R. As usual, (A4, n) is a regular local ring
of dimension n, and I C n? an ideal such that R = 4 /I is a local ring of depth d
and maximal ideal m.

THEOREM (5.1). Let I be the ideal generated by the regular sequence f,, ..., f,, with
vy 20,2 - 2. Ifr=2o0rf,...,f, isasuper-regular sequence, then

(a) d < depth S(m)<d+ 1.

(b) depth S(m)=d + lifandonly ifd > ¥_,v,— r + 2.

PROOF. By Proposition (3.4) and Theorem (3.6) we know that depth gr, (/) = d +
1; hence the first assertion follows by Theorem (2.13). Further, depth S(m)=d + 1
if and only if there exists a nice regular sequence x,, ..., x, in R such that the ring
R/(x,,...,x,) has a d-strong socle. If we can find a nice regular element x =y + [
€ R such that fi»--., f. is a super-regular sequence in A/(y) (respectively, fi fois
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a regular sequence in the case r = 2) and v, = v,(f,) for i = 2,...,r, then, after
repeating this procedure d times, we get the conclusion by Corollary (4.7).
Thus, let us first assume that f,,..., f. is a super-regular sequence. We have

depth gr,(R) =d > 0.

Hence, we can find an element y € n, y & n? such that y* is gr, (R)-regular. We
claim that x = y + I is a nice regular element in R, or, which is the same, that y* is
gr, (I)-regular. This is trivial if » = 1, since, in that case, gr, (/) = P; if r > 1, we
assume v, = U, = - =0, >V, = -+ 20, and let J = (f,,1,...,f,). Then,
as in the proof of Theorem (3.6), we have gr, (I) = gr, (J) ® (I*/J*); thus y* is
(I* /J*)-regular. Hence the claim follows by induction on r, since clearly y* is also
gr, (A /J)-regular.

Now, since f},..., f*, y* is a regular sequence in P, by using Theorem (2.2) in
[9], we get the conclusion if we prove that v, = v,( f;) for every i. But if f, € n%*! +
(), then f* € (y*), a contradiction.

Finally, let r =2 and v, > v,; since depth gr,(4)=d + 2, we can find an
element y € n, y & n? such that y* and f} are relatively prime in P and also y is
a regular element modulo I (see the proof of Lemma (2.4)). Now it is clear that if
v, < v, then gr (I)= P & P/(f}), while, if v, = v, gr,(I) = P?*/H, where H is
the cyclic P-module generated by ( f¥, —f{¥). In any case it is easy to check that y* is
gr,(I)-regular. Also if f, € n"2*! + (y), then f} € (y*), a contradiction. This
shows that v,( f,) = v,, and, as previously observed, the theorem follows.

REMARK. Let I = (daf, ag), where f and g are relatively prime and v(f) > v(g)
= v > 1. Then depth gr, (I) = d + 1 by Proposition (3.4); hence d < depth S(m).
By a slight modification of the argument used in the proof of Theorem (5.1) for the
case r = 2, one can show that it is possible to find a nice regular sequence in R
which does not change the valuation of g. Hence, we can apply Corollary (4.7), and
we get that depth S(m) > d + 1if and only if d > v.

PROPOSITION (5.2). If the ideal I has a linear resolution, then depth S(m) > d + 1.
If, moreover, R is Cohen-Macaulay, then depth S(m) =d + 1.

PROOF. Since I is of homogeneous type, we have depth gr, (/) = d + 1. Now it is
clear that if x =y + I is a nice regular element in R and (F.,d) is a minimal free
resolution of I, then (F/yF, d) is a minimal free resolution of I = I + (»)/(y). Let
& be the special filtration on F such that gr4(F) is the minimal P-free resolution of
gr,(1); since y* is P-regular and also gr,(/)-regular, we get that gro(F)/y* grs(F)
is the minimal P /y*P-free resolution of gr, (I)/y* gr,(I). But gru(F)/y* grs(F) =
grs(F/yF) and gr (I)/y*gr,(I)=gr,(I/yI)=gr,(I). Hence, I has a linear
resolution, and the conclusion follows by Corollary (4.14).

PROPOSITION (5.3). Let I be an ideal of homogeneous type. Then depth S(m) > d.
If, moreover, I is generated by an n-standard base of equimultiple elements and R is
Cohen-Macaulay of depth d = 1, then depth S(m) = 2 if and only if I has a linear
resolution.
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PRrROOF. Since I is of homogeneous type, depth gr, (/) = d + 1. Hence, the first
assertion follows by Theorem (2.13). As for the second one, let I = (f,,..., f,) and
y € n, y & n? such that y* is gr, (R)-regular. This implies that y is R-regular and
also v, (f,) = l‘/m(f_) forevery i = 1,...,r. Further, if x = y + I, then v, ,,(x) =
v,(y) =1 and x* is gr,(R)-regular. According to Theorem (2.2) in [9], this proves
that f,,...,f is an n/(y)-standard base of I of equimultiple elements. We can
apply Proposition (4.16) to get the conclusion.

PROPOSITION (5.4). If R is Gorenstein of depth 1, then depth S(m) = 2 if and only
if I is a principal ideal.

PROOF. The “if” part is clear; so let us suppose that depth S(m) = 2, and let
x =y + I be a nice regular element in R. Then R/(x) is Gorenstein of depth 0,
and it has a strong socle. By Corollary (4.13) it follows that I+ (y)/(y) is
principal. But y is regular modulo I; hence I is principal.

As in the previous sections, if I is a perfect ideal of codimension 2, we fix a
minimal free resolution of I,

0o aSarlrso,

and denote by M the (r + 1) X r matrix associated to g. If M = (a;;), we let
v, = min,v(a;;), M =(a,;;), where a, € n%/n%*" and M, = (a,;), where a,;; €

n/n2

PROPOSITION (5.5). Let I be a perfect ideal of codimension 2.
(a) If rank M = r, thend < depth S(m) < d + 1.

(b) If d = 1, then the following conditions are equivalent:

(1) depth S(m) = 2.

(2)rank M, =r.

(3) I has a linear resolution.

ProOOF. By Proposition (3.8) and Theorem (2.13) we get (a). If d=1 and
depth S(m) =2, let x =y + I be a nice regular element in R. Then I=1+
(y)/(y) is a perfect ideal of codimension 2 in A4/(y), and we have depth
gr,l(l ) = 1. By Proposition (3.8), this implies that I is of homogeneous type; since
R = A/(y)/I has a strong socle, we get, by Corollary (4.18) a maximal minor d in
M such that d & n’*! + (). Accordingly, d € n"*!, so rank M, = r. On the other
hand, it is clear that rank M, = r if and only if I has a linear resolution. We
complete the proof of (b) with the aid of Proposition (5.2).

ExaMPLES. 1. Let I be the defining ideal of the monomial space curve with
parametric equations X = ¢4, Y = th, Z = t¢, where we may assume (a, b,c) = 1.
Then I is a perfect ideal in A4 = k[ X,Y, Z] of codimension 2. If R has an
embedding dimension 2, then depth S(m) = 2. If R has an embedding dimension 3
and [ is a complete intersection, then depth S(m) = 1, by Theorem (5.1). If 7 is not
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a complete intersection, then I is generated by the 2 X 2 minors of a matrix

X~ Ya
M= |Yypr: Z%9
ZP3 X%

where p,, g; > 1. By Proposition (3.9) we get

(a) 1 < depth S(m) < 2,
and by Proposition (5.5) we get

(b) depth S(m) = 2 if and only if rank M, = 2. It is easy to see that rank M, = 2
if and only if p, = p, = 1forsome i, j € {1,2,3},i # .

2. Let J be the ideal generated by the pfaffians of a (2g + 1) X (2g + 1) generic
antisymmetric matrix M = (X;;) in P = k[ X, ].

If A =k[| X, and I = JA, then I* has a graded P-resolution

0> @P(-2g-1)~> GP(-g-1)~> DP(-g)>I*~0.

Thus I does not have a linear resolution, but I and R = A /I are of homogeneous
type. It follows that depth gr, (1) = 4 + 1, where

d = depth(A4/I)=dim A — h(I)
=2g(2g+1)/2-3=2g*+g-3.

If x,,...,x, is a nice regular sequence in R, then R = R/(x,,...,x,) is an
A-module of homogeneous type. Hence we get that R has a g-strong socle (see the
remark after Lemma (4.15)). But d = 2g% + g — 3 > g; hence depth S(m)=d + 1
=2g2+g-2.

3. Let J be the ideal generated by the n X n minors of a generic(n + 1) X (n + 1)
matrix M = (X,;) in P=k[X;]. If A =k[|X, || and I = JA, then [* =J has a
resolution

0- @P(-2n—-2) > @DP(-n-2)—> @P(-n—1) > @P(-n) > I* > 0.

Thus 7 does not have a linear resolution, but 7 and R = 4 /I are of homogeneous
type. By the same argument as in the preceding example, one can prove that
depth S(m) = n? + 2n - 2.
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